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beans under sransverse impact is adopted to determins the plastic strains in 7
& simply supported uniform beam subjected to a concentrated impulsive load at ELI
p
the center cf the beam. The "plastioc-rigid" theory is used. .
It i shown that in the case of & simple aquare-shspe impuisive ioad, Y

At
~.
R
al

the problem, whick involves a non-linear differential equation, can te zolved
in closed form. The tima higtories of the accelsration, the velocity, and
hence. the displacement are then evaluated., Resulis are prosented in terms

of the permsnent deformation caused by the impact.

iw & @ & o
7 anncry :
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5
E
'
Summary
The mothod of Lee and Symonds (Brown University Report Bll-3/28,
ONR Contract N7onr~35810, NR-360-364) ¢f analyzing plastic deformations of
!
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1 I Introduction
g |
¥
t in a recent report (Ref. 1) Lee and Symonds have developed &
: method of calculating the permanent deformations of beams of ductile material
i subjected to transverss impact ioadings. The snalysis in Reference 1 is
' |2 basad on ths "plastic-rigid® asmmption such that the moment-curvature rela~
‘ig tion i¢ of the type shown in Figure 1. In this figure M, is the limiting
1
“}E bending moment for ‘which ths plastic regions spread over the whole cross—
\¥
% i
\b
N . g
b : 1
) =
0 3 Mo
N | g
: £ '
L X ) é-' Curvature
. e |
[
| € Tigure 1. MHomeni~Curvature oi & "Plastic-rigid" veam.
[
-1t section of the beam. The analysis 2lso assumes that tho bear has an infinite
: rigldity at any section until the 1imit moment )i, is reached. When this
] i 1imit is reached a piastic hinge is formed and the beam bends in the form of
Ly a sharp kink.
ia
i, i The introduction of the idealised "plastic-rigid" assumpiion
"?‘ B eliminates the consideration ¢f slastic vidbrations of the beam, snd hsnce
',, 8 simplifiec tho analysm greatly. It 1s expected that thic type of analysels
8
i B AERO-ELASTIC AND STRUCTURES RESEARCH
,;f} T 1 1 R B s T e A o T T P R
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1 E
is only applicable to cases in which the plastic straine are large compared i 3
with elastic strains. Lee and Symonde have presented a criterion regarding it
B
5
1
pulse applied at the mid-point of & uniform beam with free ends has been i ?
analyzod. It has been shown that under small load, the beam performs & rigid- ,l;
en
body translation motion; under moderate load, & plastic hinge is formed at f{;
15
the mid-span of the beam; while at very high load, two additional plastic i
F

hinges are formed, one on each side of the mid-span hinge. The hinge point

on sither side has bYeon shown to move toward the center as the load increases,

 n By,
g iy e

while away from the canter as thse locad decreasss, The calenlation of this

phage of the motion involves the solution of & non-linear differential equa~

Sy

tionn. In general, methods of successive &pproximation, or of step~-dy-step

integration, must bs employed.

The present repor: is &n application of the assumptions and the
P P

R N

method of Reference i to ths determinztion of plastic strains in a simply

supported uniform beam subjectsd to a concentrated impulsive load at the center |

of the beam. Dynamical equations comparable with those of Reference 1 are

obtained. It wili be thown, however, that when the impulsive lcad is of a

square-shape, the solutions are eimplified. In fact, the non-iinear diiferen-

the limitation of their msthod.
in Raference 1 the problem of a force in the form of a triangular

i
J tial equation can be solved in closzd form, and the time hiatories cf the I
2ccaleration. the velocity and the displacement of the beam can be easily i

evaluated.

n-——-q-.:.u.g-lnnn
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I1 Dynamical Rquatioxns

[

-

concentrated impulsive load P(t) at the center of the span, as shown in

Teure 2. The load P(t) is assumed to increase from zero to a meximum value,

iP(ﬂ

V¥e shelil consider 2 simply supporied uniform beam subjected to & ;

N

and then decrease to zero. The bdeam is masumed to be straight and rigid at

the initial instant.
In the first pheae of the impact vhen no plastic deformaticn occurs,

the Deam remains :ri.g:l.t!.c The bending momant distribution is given by

= pre-x)/2 for Kz «x =X

e S SN BN SR St wspgetog A 3 S Sy g A o A P S S G B T 4

where X is measurad from one end of the veem. The loading., shear, and momsnt

diagrams are shown in Figure 3. The maximwa bending momsat, cf cocurss, ccours

8t the middle of the beam 2:d 1s equal to

i
| . |
I . ‘ Figure 2.

M(x)= pXx/2 for o<>¢~f1/£ |

n{wﬁi’wﬂuuﬁhd’-'tlE’-U’-ui-ia-(,-A-U"i\i‘t_bu‘b'—u-—_.:..—..r~_.

N (2/2)=PL [+ I

o < N
ey
&
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Fgure 3.

Thie firasi phase of motion ends when the moment ai ¢he mid-span reaches M.,
and & plastic-hinge is formsd. We shall introduce a symbol & for tle nor-
dimensional parsmeter p0 /M, . Thus the beam romains stationary when b L 4o
In the second phase of motion when « -4, the boam may be analysed
by placing a plastic hinge at the center. The two halves of the beas remain

rigid but rotate with respsct 4o sach oihsr as shown in Mgurs 4{a}.

é
|
|
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E §

}f! | She ‘L e
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ik J
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N

1 ¥ N1 | |
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- £

£ I M= o, FR A-— :‘3-.‘—3 )

- r L] -_p- Ji -

j I (&)

“gﬁ Figure 4.

0\\ Q

R

b i I The acceleration of the beam is %Yo be determined by the condition
Y |

3‘5,! I that, at the center of the span, the resulting moment due to boih the applied
| B ]
I load and the ineriia load should be equal to the limiting moment M. The | i
[ L%
i ‘ﬁ\f inertia loading, shear and moment diagrams ars shown respectively in I !
| -1%‘2. Figure %{b} {¢) aud {&). The maximum inertis icading i& dsnoted by the aymvsi i
! ‘ :‘5 i 8o The distribution of bending moment corresponding to the inertis loadixg é
‘ ' {B is thus,
| B E
e
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M*?{,/—:;_—(x-w- ﬁ) (3)

and the bending moment at the mid-span is ~%; /2.

The total bending moment can be obtained by combining equatiens (1)

and (3)
M= 2_ [.ﬂx - x3] (%)
The moment at mid-span is [é«f /242/ By setting this equal to M,
solving for g, we obtain
= 3/% / - 7) (5)
The linear acceleration at the mid-span is thaus,
B Bt = 2 (a7 (6)

It should be rememberad that this equation applies only after « has reached
the value 4, since the beam is stationary up to thi§ point. The linesr
velocity 2nd displacemsnt at ths mid-span can e ovaluated vy integration of
Tquation (§). '

The second phase of motion ends when the berding momsnt at anothasr
point alorz tho beem reachss the limiting value ¥,. 3By substituting

Bquatdon (5) into (M) and by introducing the s:ym’ool} to replace the non-

AERT-ELASTIC AND STRUCTURES RESEARCH
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I dimensionsl paremeter > /4, we obtain,
s_ A E
M(j)~MoDA(j-4'§)+3§“‘*§J e
The maximum beading moment occurs at the point whore dar[d{ =0, or

Jfﬂ—f)g =fF -3

b TS

Substituting thie value into Equation (7), we obtain the expression ef %

maximum bending moment in terms of the loading ‘paranster e o By setting this

or I

expression equal to the liniting bending moment ~M,, we obtain the value of e

at which the cecond plastic hinse is formed. VWe obtain the following eguation
for S
]

s 3 7/

(=12 /23/2/3//«--—4-/2- (9)
The only real root of this equation is ’
i The corresponding valus of 5 is, from Equation (8),
!

$ _ /e (11)
§= Y

| %hus, the second plastic hinge is located at the gquarter span point.
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Ths third phase of moiion commences when the load is further in-
creased so that « > 36. It can be seen, by a similar argument given in
i

e TN Ny
L~
s

P

Hefoerence 1, that ths equilibrium conditions in this phase of mection can be

SN N R NN .

4

satisfied only when the hinge point on either side of the mid-span hinge
moves as the load increases. As soon &8 the hinge has movad to & new position
the bendings moment at the previous hinge location must drop to a valus smaller

than M,, and no further rotation occurs there. Time the sogments to the

P AL T,

right and 1laf% of this moving hings move 58 rigid bodies. Also at sach sec-

g O L T

tion where the instantansous hinge is located, the relative rotation is in-
finitesimal snd the siope angle changes continuously through the segment
through which the hinge has passed. This is shown in Figure 5.

¥We define the motion of the beam by the slope O, and 6, » the

aangular velocities @&

é

and .9/ » and the angular accelerations 5' and é; » of

the two rigid segments, and denote the location of the hinge point by ) b as

.

i
¥
i
y
¥
3
3
y
g‘ ¥
¥
L
f
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Ve see that the displacement of the beam can be expressed by
]
Jf 3, dx -'For chh

7:

(12)

o
/x"' 6, dx +6, (-%y) for x >,
°

Tms, the vsiocity of the beam obtained by differentiating Xgquation (12), is

Y- (13)

) [ 6, % for x< X,

Gy Xp T é,(x-xh) +X.h (6,-—60} for Xp<Xx < .{(’/2

since the slope of the beam is contimious at the travelling hinge, ( 6, ~ s

vanishes, and Bquation (13) can be rewritten as

8, X for x<x,

4

=1 . . (138)
(j 6, Xpt 6'(x‘xn) for Xh<x<£/,g

Similarly, the acceleration of the beam, can be expressed by

B § - s o

/g.x J:For X<Xh

for xhz.x(ﬂ/z

Zquation (14a) can be rewritten as

) Q) X For X< Xh
= (14v)

éo o’ + (éi — ég )(X-)(h )")(.h (é"éo) ;or Xh< X<,a/z

it can be sean that the acceleration, ard hence ths inertia loading

=
- = g
%3 } é’o x"-;- é,(%'xn)—-)éh (é""’@-o) (SLEY i

i
of the beem, cen bs divided into three components, as shown in Figure 6. Ve
AERO-ELASTIC AND STRUCTURES RESEARCH
§
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P-Xi-l Tﬂ-x%-i
Acceleration RN | W W

( I )(X 'Xn) :’)‘(h(é“' éo )
m /ﬂ\Y\ g% ;?2
Inertis loading
m /Il!:lJ /\‘111”
Shoar 1= [TV 11>

end 17 N F > ] H T

Mom l B l l SN

Tigure 6.

ghall designatc thsss three components by their maximum values €y &y and gz.

The relations betwsen these quantities a2nd the acceleration of vhs vesa are,

D= &, L /em (15)
P28 -8, ) (M-, ) ) (6)
22 = ”Xh(&,-@//m ' (17)
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It can also be secu that the linsar acceleration at the canter of the beam is

= )

SR O R e}
The shear and moment distributions corresponding to these loadings

are alao shown in Fgure (6). The bending moment dus to &, is the same as

that given in Xquation (3). The momeni dus to & and 85 ars respectiveiy

A "?;/"(-‘?X/))X//f for x< Xp
= _Z 3 alx 2 Q9
/2/:(_21(/7) E4‘Xh +° (4f\h-£}f?—lexﬂx ++xi]
Fer x> Xh
M,[-?/' (A-2 Xh)x/‘? for x« X p -
20
H ?2_. (xb2‘£x+xgj/z ;01‘ X>Xh

The values of &: & and gg are to bve determined by the conditlons
that both at the center of the span and at the hinge point X ho* the resulting
bending moment is equal to !!o, and that the bending momant at the hinge point
X[, should be a maxiwus. Thus by summing up Equations (1) (3} (29) ead (20),

XX
"
the nop-4imensignal paramatars o agd.} {=X /¢), we ocbtain the following
4

and setting /lfng/z =My, Mxex, =-M, and (gYM) = O , and by introducing
¢,

TS n
system of equations,

AERC.ELASTIC AND STRUCTURES RESEARCH
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# Bty (+3,)0-28,)5 9, (12 §,)(1v25 ‘;,-,«-/)}-o. (21)
4—?/0("'43:)*4-?’("’33;1)*% 7 '234,,)‘;4/“7;}
!
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These equationc are sufficient to express the unknown quantities
€0+ & and ) in terms of the parameters « and } 5° However in order to

evaluate 7, & fourth equation is required. This equation arises from a

L4

relation batween g, and €5+ £iven by Equationz (16) and (17). We have, from

Pouations (16) sxd (17),

/é;—&;):ﬁﬂ%/é-—?(ﬁ- (22)

(6, 6)-—m Ve (23)

and by observing that (5 _ ¢, ) is the derivate of (6, - 6,) we can write,

?7/%4“"/;“5’7:/?;/’6/;) ()

or 1a torus of non-dimensionsal paramstsrs,

?5//’254"“;"; /ﬁ/zj,;/ (25)

m"«‘:riv’im‘m-.....;
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Trom Pouations (21) we obtain,

% o 3 /‘f/“‘ /-6 4, «r/c?jh +553n )g;g. ‘ (27)

CII G ,_CJI) 2 )
(7-23%, }b

_ -3 (/-23,-,2 j M, 158\
y c._f_“ (~ 2 ST {h—/ 2
cjh //-ejﬁ}}h

Substituting Bquations (27) and (28) in (25), we obtain a non-linear differen- %

tial equation, the solution of which gives the time history of the hinge !

i position %, + Teving evalusted 5, we can calculate the time history of the

l insrtia loaamgo. gor & 8nd 32 by uwsing Zguations (26) (27) exd (28). l

I i
[]

The equations (25) to (28) are still applicable during the period

when the applied force has resched its maximum walue and starts to Gecreasa,

\\

TR T AT M i VY W TR e e MO Ky MY T W e Ty et e By L

VO G5 oy B 6 ol o O B el @ el B @ uE el 6T o o AR Y W G O G R By BN P G ay S Gn G SN BT Y e e

This phase of motion terminates, however, when the motion has been decelerate

-t

hma hesoma zere and

e el Almdl dlan semladd - y
ing such $hat the relstive smguler velocity (8 -2, ) sere, and

3
|

Ay

hence, the plastic hinge at = Xp removed.

v

o DEe T ox O FOF

In the succeedinz veriod, the beam will egain move with its two
halves remaining rigid but rotaling egainst each other about a hinge point at

the coater. This f£inal motion ends when the angular motion decroases 0 zere.

-

e’

~ o
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II1 Application to the Case of a Square Impulse

The solutions given in the proceeding section are now applied to
the problem of a simply supported beam under a coacentrated center locad in
the form of a square shepe impulse of amplitude Py, and period T, as shown in

"Fgure 7. We shall discuss the problem in three parts according to the range

bt §
fe—7 —>f
Figare 7.

of the amplitnda of the lomd. We denote the non~dimonsional parameter
Fuf[+M, By the eymbol s, -

(a) A = = In this case ths heam remaips undeformed.

(b)Y £< i, <36 During tre pericd t < T, whon the loading is
&pplied, the linaar acceleration at th» center of the beam is given by

—— . . 22\ -
Fquation (6), i.0.,

3 NV,
gﬁm ™~ o ;/‘f ~'A'¢-/) ‘.29)

The linear velocity and limser displacement at this point, are respectively,

3°
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L)

Gom = 272 (Aem—T)E (30)

£, " j”“ s (Am =" (31)

The maximum displacement, sipressed in terms of nor-dimensional parameters, is
<2 <
L) oI~ = 3 (A =N E) (32)
Jor t > T, the acceleration &% t¥he cenver bVecomewn

v Ivry

and the velocity and displacecmsnt are,
' =3 2L (34)
Cr mﬁ‘ = 3fm ity !

and

/. m & -
/M 7 = —_ - ‘ g P e\
In/ods 5 Amt S () 6(E)° (357

!
|
i
| h./-—e, By (33)
!

The motion of the beam terminates when the velocity ¥, becomes szero, i.e.,

whon
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{i,_,. =3Mo (e, — ¥ )¢ (30)

% = e (Am-)” (31)

rm

D) YT = (- t)(E)" (32)

(fm m,o‘ - -/2 (335

and the velocity and displacement are,

. . 5 Sl = 7K L s 2
== /“m*‘-'f/",_»,r{‘f/ é’ITI:'

A
T

|
i
‘I For %> T, ths accslsraticn at the centsr becomes
l
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L -7 A (36)

and the final permanent deformation ie

7/»/,:1 Za =(§/‘m2“§'/am) | (37)

{e) 4, = 3% Bince the applied load increases abruptly to_«, >3¢5,
the motion of the beam also starts directly with the third phase, i.e. the beam

. deforme with three plastic hinges. The calculation of the motion of the beam,

however is simplified by the fact that at the initial instant and also during
the entire period between ¢ = 0 and t = T, the inertia load 3 is zero.
Since the beam is stationary at the initial condition, the angular velocities

éoand g, and hence (&, —6,) must be zero at &% 0. It can be seen from
Bquation (17) that g, must be zero at = 0.

By satting g ® O in Equation (28) we obtain a relatlion beiween &

3’“‘13” .

(12 _’§:+ %jh ~-1) (38)
f/—zjh )jhz

Ry
LR

This relation detvermines the initvial locatica of the piastic hinge at either
side of the center when the load jumps abrupily %o « > 36. A plot of vs

L

/a/n iv shown in l'igm‘e 8.
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It can be sesn that for higher impact load, the plastic kinge is closer to the

Oh

i
i . eenter of the beam, and in the limiting case whon/um spproaches infinity,%.
! approaches 3. Ths range of jh is thus.

Ve < 3,< Ve : {38)

The acceleration at the center of the beam at the initial instant iw

= | # ,)~é/4¥h*45h-’) Mofpo (39)
b~ Im(8,7 9 w21, 257 /4

- I’

Yoy the rest of the period during which the constant load is spplied the
acceleration of the besm must retain iths samus constant valus, and the hinge
point remains at the saome plass, This is a sufficient conditiczn, since with
i’h vanishing, g, remains zero, and hence the acceleraiion obtained by

Bquation (39) must certainly satisfy the equilibriuvm conditions. An anslysis

is given in the appendix, Vo prove tal Lhis is & necessary condaiviom.
The linear velocity and displacement of the beam can be readily
evalnated by integration,
: ?/ /M T ti+%, 443'” 1) /. {40
v o 7

I (7~ ej N § .,
J . s g
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)
)
3 /- P ) ) + 2
: 'm/Ma?“: 314jh~5b;“ () (41)

Wl we df W ww @ we

?: //»/‘,T - 4/45:4-45,’«/) (42)
m /,'“J??z (_2 )z 2
! 3:‘7 3/2

— aeed  w

g M2 373773, 1) (43)

- — LT

The motion of the beam in the subssquent poriod, vhen the load P

v, opev

has bean released, is again governed by the set of equatioans (25) to (28).

& 2 LS Y
ml L=
| m (=237 3"
!
!
5

i S5 i it i s it o o e i i i iy S i i il e it i e et e R

1 The expressions for g, and gy &ve shiained by putting Ao equal to zewo

}

I

1 3(7-63, +/12 +5& ” = ”a (4%

! g, < -3 §,,ej 3,,) F(5)%

i | ol :-‘33;7) é"

3 and

3

]

1 ? _ //-4_% /zjb ) M, = £ /}hj:égo_ (4s)

< (7-2%,)

} - jh 3/:

i

H By substituting Zomations (44) and (45) into Bquations {25) we obiain,

A
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4
-
j ¥
=2 3h (3,)" ;

Tamer 3305 A0

or, by rearranging, we obtairn ths following differential equasion,

1""\"‘;;‘\;5

. ‘R
3" = Fr3,)3, (¥7)

=88

vwhere

V8
F‘/jb) - - f/-ejh/ i
(1#2%,)0-¢3,)3,

)

5
|
Alsn) . 4 a/ds,fF. (1, - Fi\f'b ) 4, (46) |

fhe non-linear equation {47}, howsver, caa bde solved in closed form

a3 Zollows:

¥e dee that

j
3

and that vy a2 {ransformation of wvariabdle,

-

-4 =~ 7
dt}i jh

. 2 /e
1’5,4

Qe

we obtain, in place of Mguation (47),

I3
7z *F(3 )30
“h

N
m‘-’,«
NI
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The 1zitisl valus of s ~an bDe Getermined by observing from Bauation (25) that

at =72,

3'”= __ % (52)

Eere g, is given by Eguation (45) azd &, by Xquation (27), and the integral
in Zquetion (52) becomes

i
i
frz,df < 3 //éj,,3+/z§,,2—/)7' M,
ARV NS
!hu.ethovﬂmatj at ¢t = T is
!
i

i-- (1-¢%,)(-23,)3n (53)
n ﬂ.,..z;h)//—‘)‘f/,)'T

Since, at t = ¥, 3 P 5-” B }_ h being the solution of Bemation (3B) for given
valne ot/um the initial conditicn of = can ve writiten at 3n=5h , 88

(725, (- 5,) T (54)

n
ARV 7,0 %,
Db 25407 Sh

- /
g <3 = -
vh

"he sclution of Equation (51) ie

s
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¥

fre3p)d, +C '

Jn c, 3 g

2/ - = h = - A (55) f

(//7‘25”)( /‘éjn.)g '

"O
in which the integrations constant C;, determined by the initisy condition, i3 £
o]

&

£

C, - - //,u::jh ii"//n-fg,, )j’a (56)
(=23 )% (23,05,

\

i "
- T
s ¢
:
=

g P o L S IR

Hext we determine the time history of the hinge position jh by
solving the following d:lfforéntml equation,

42, _ 1 . (123, (¢35, )7 (57)
ot 7 S 3,

with the ifnitisl condition that at ¢ = T.jhz 5 . VWo rewrite Jquation
h
{(87) in ths form,

4
gt - S 3k d 3n (58)
l/’/;"’jb / h)_j-
and obiein the reletion bdetwesn t and j , by direct integratica. Iy intraduc-
inz a transformation of wvariable,
ﬁ / /-¢ j , /f:""
_ (
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. 3
b we obtain ] ) ;
§ : f:[i"% (/-?/’Pd?fr ié

.1 . I - (4‘ by fa.) E
% S 1 $,.45,. - ¥y ¥ 3
) =S L j,0 E+Tprp" /' 1 2pr 77 403
L 3#17% q ) f tar —fé_ +T {60)
~,’: ) 4 ;
} ‘ é:
- .
% ' It should be observed from Equation (53) that siace j‘h lies within ;
S . i
‘{ i ! the razze 1/4 to 1/2, §h is always negative. This means, &8 we would expect, %
h ] LYy
i% N § that the hinge point stsris to move away Irom the canter of the beam when the %
L { :
g | ! lo2d has besn released. It can also be sesn from Equations (56) and (57) that § §
E’-— } 5}: romaing negative, and dbecomes zero when 3 reachss the valuve 1]6. This %
':~ ; =
é " i 1imiting condition, in fact. is the termination of the thizd phass of motica, F
8 I vwhen the differeacs in angular velocity 9'/ ~é’ ’bocoma goro, &ad Lence when é
L I the plastic hings at either side of the center disappears, it can be seen from ’é
‘ F ! i - w
{? | b scusvion (22) suat 8 — &, is proportiensl to the ratlo .13, Taswile §
| A
!g 1 E obtained from Mquations (45) and (57) is, ?7.
v :
E .
. _ \7 .
% ' = _30r-¢3,)5 M, (61)
R | Lg /’“23’4)25_/: x*
SEEN :
)
%: ; l snd spparently, vanishes st 3 n= 1/6.
& ! It can be sean from Bquation (60) that the fnstant T; &t which the
e ! third phasa of motion terminates is
Bt E
| P
i |
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/ .4 -2
_ - a */'4 /7:)‘? . ‘7"'1q_7Z 2/1 62‘
I=# 27’—7 sor ~A3-5)* /-/‘ = Ay (

fhe scceleraticn at the centsr of the heam during this perlod is

G = (Pt 9, *F2) S

which by combination of Equations (26), (&%) anc (45) reduces te

i My (63)

- -

(7-23,)° mAL=

Vo /4
//‘"/‘

thus, bs expressed as follows,

7 /?/”’ -r'*/ /’” 4

.f
7’,,,*/?:,»/#: f«/?,”) (t-T)+] ¢ ,/md tdt (65)

7/

By making use of Equations (39), {42) and (43), we obtain, tha

following mn-dimnsional expressions,

% i
E i
| The linear velocity and displacement at the center of the i
% i

TR £ MHMNTE

E AERD-ELASTIC AND STRUCTURES RESEARCEH
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i A raNdde &J i
| :
£ -/)
o /M?' :/4§7 "iﬁ /'/-G (66)
/-zjb) .;n
2 ol
g, /2l - 425,773 %. - F)rfoac @
m” ,,7[ //23_, )2 -_—R
4H
|
whero l
L re
6= BT [ g dt (68)
and I
Yhe integral G, can be evaluated in closed form. We obtalin, by
sudatituting Equation (63) into (68),
el /
G =22 # 70)
T Jr 723, )2 d (
which by intreducing Bguation (58), is reduced to
i 34 -
G=- 43/ 3r9%s l
T F reag, 0063, (-2 5, |
i
k
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This integral, when evalus’ed by the ure of the transformation of variable,

E //_63”)34./ 7 =//~6_§;)3

=_’?5‘ i/ 4?',44 P*f,_ A 4‘!'/ 7? 7%
ST T TR s ”':':p/t fﬁ?"/ ™

7
it is seen that at ¢t =T;, 2 = 0, and
¥
/7 ) Tu FHE ?"’f '25¢2% 7) 72
S A R e e el

Having determined the (~function, we can evaluate the iategrali
1
I
| GJd7 in Yquation (67) by means of numsrical integration.

<~

After the plastic hinge at either side of tha mid-psint has heoen

removed, the acceis 2 of the beam is sgein governsd by Zauation (&} except

that in this cazse e is ogual to zero, thus

o - 1M (73)
am mE=
and
_ 2V, .- . Iy
%W 71» 7 mhe (7-7) i
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WAL ]

The hinge action at the center of the beam ceases when ths linear

velocity becomes zaro. It cau s seen from Equation (74) that at this instant

- o /2 M, 74
f 7/..’. y,"fv"; ,”12 ( ")

and the final displacement, which is ths permanent set of the beam dus to

- Lo 2 ) 2 M (76)
?MIO -?/M‘t’T' Tz (?’m_t_.,/- ) /,”1;, 2
/ .

|
l In non~dimensionsl forn, the expression becomes
|
!
B
P

?/’”P/m = /45/7*4,;;; /){Z/‘,EL]),}[ IGdZ‘
(7~ 25”_) fh / (77)

’ [‘/“jh +"j ")+6/1')]
//-22'} 77

!

IV Results and Discussion

s /M 74
uw xmu purwmunu uﬂxlomuon 01 W !J. 'y 7ml —-——- ’ CE ?J@

dstermined sither by Equation (37) for &<, < 36 or by Hquation (77) for
Ay >36. TFigurs 10 shows the variation of this 'oa.rameter as a funetion of the
impact forece parame‘bar/ém Ia ths calcenlation of this final »= » the

v

[}
valuss of gh . Z: = 5/7', ) ./ / é &7 for verious valuss of Ay, 8TD roguired.”
/
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A plot of 3; vE. 4, has been given in Figure 8, while the relations between
?; andG(f; ) ws. j’h , obtained respectively by Zquations (62) and (72)

T
are piotted in Figure {(S). Ths inlegral /f éa’z‘ , obtalned by a numerical

/
method, 18 also plotted in the same figure.

7, 6, J6d?T
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Figare 9.

Pizure (11) chovs the variation of ths displecement peisaeter

2

/%] with respsct t tme. It can be sesn that in all coses the incroaes
in dicplacsment afiar the end of impact, constitnise the major part 2 the
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pernanent deformation of the beam.

It should bs stated that a criterion, similar to that given in
soce 1, osn he drawn Yor the conditions of walidity of the present method
of anslysis. Ths riterion is bassd cn the requirement thei ths plastic work
done &t the cemter hinge be largs compared with the waximum eiaztic energy
whick eculd be atored in tbs beam in bending when the whole beam is subject

tc the limit momsnd “o‘ fhis critarion is:

MER "
/40 6] == 2EI {78)

This csn De rewrittsn into a more corvenient form;

6 /MI” 7w | (79)
2 - ses (T

whers Ty is the fundamental period of vibration of the simply supported
elastic beam. Since the values of &, have not been evaluanted; and since

is always larger than 7’; /_ﬁ , the sbove criterion i: =mow replaced y

2

4, M_fv’f,_j >=-«2.5'/_T't/y_/‘a (80}

Thie relation gives the lower limit on the duration sf impact sbove

whith the present analysis can be expected to give satisfactory resalis.
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fdppendix &

Proof of Yecessity of Stationary Hinges During Pariod cf Constant Impact Load

It has been =t2tad in Section III of the m=in body of the report

that 3uring tha period wiasa & consiant impact load (with > 36) is applied,

the second hiinge point remsains &t the same location. A proof of this state~

ment is given in the present apperdix.
During this period, the motion cf the bsam is determined by

aquations (25) to (28). Since, for prescribed amplitude of impact, g and €,

ave functions of 3&: only, equation (25) can be rewriiten as

< 2 g— “”
7030) . 37 B 303, )-F:05,)3, o
/~2 grh 23';,
or, by raarranzging terms,
. ot AAR-1id 3n) -+ f'—'/ A -
jh- -~ /m2%, <3 7z {}’h) 3-{: (A.2)
' 7= 75,7

By substituting equations {27) aud {28) into squation (A.2} and simplifying,

ve obtain the following differentizl 2gustion

J; :jﬁa/ﬁfjh J ol

mmim_—“'m—m_—_-_m-—M\_—um
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vhezi

= 2m (-2 %, ).,3:"3/"""%5”)("‘;”);”

Jh 8/“\‘;’3’”31'3 (/"ejz;,)a

(A.L)

It 48 olvious that at £ = 0
3/, = ‘;/'o

3
>
z
A

)

\,

where 3: is the solution of equation (38). It wili be shown hera that &t .

‘e

the ianltial instant gh and all the higher derivatives sre sero.

It cer be seen from Equation (17) thag 1}{ can be written 2s
b

5 r=-(2s L) (a.5)
h -0, Mo /¢:0s

Thiv is of the indeterminaite Zorm since, at the initial inctant Loth € api

(é, -—é,, } e=s zwro. However by applying L'Hopital's rule, wa can writs,

£ e[ =~ L
5, (e (é; -% M )f.-a @

[
which, by introducing Equation (16), becomss,

. /'da \
j;; /’a)=~(_é_-7§’___)&

A

C G '
= ’/‘5/7 JJL//—J}Ay (A07)
& 7 2 ?, 2o

/1~ Z
Jh
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Vs see that this is firue either when g (¢ vanisnes or vhon(.. 3"{/—32’
4s squsal to unity.

By introdusing Banstions (27) and (28), we obtain

_d?'a _ _# Mf/ﬁ},,) +3(2f/2}~"4 45
/ a}_h_(/eg,, )/g%/, gl In h j/. th.a)

{7~
%o 12 f /2}h)§h- ,,Jb+12j31'€£53)

and by subutituting Bquation (38) fcr/am., w2 have

' 0/?’/, =0 /-/,av;:_/;;;

it can be shown that this quantity is always nsgative for valuee o,’ljh rang- |
ing from 1/ to 1/2. Tms ab the initial inctant, } must be sero.
h
Ye sae from the diffarential equstiom (A.3) that at the initiel

instant, g'h 1s again indeterminate. BHovever, by wrliing,

i

i

i

|

I

(292 0ng ) fhg) 205500 RE e %
i

j
g/‘a)=(°‘ ’2’7“ (4.5) i
h f-;- H(j)/{w ?H(j)*-ﬂ /

Hare -again since }L ;,d- H(g b )10 not identically equel o unity, gh ( 0 ) wmust

ré

Ve £ind in the same way, that 4’ {0)ené also all the higher derivatives ars

v

é

e vero. 3y diﬁareixtie.‘aing Eguation (A.3), we cbtain an expression for ; L i
7

|

gore. Thus, durine the period 0.« ¢t < T, the hinge romains stationszy at

station 3‘ ‘
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